1.9.PARTICLE IN ONE DIMENSIONAL BOX

Introduction:

The "particle in a one-dimensional potential box" is a fundamental concept in quantum
physics(mechanics), and the solutions to the Schrodinger equation for this model was
developed by Erwin Schrodinger.

e Let us consider a particle of mass 'm' moving along the x-axis enclosed in a 1-D potential
box as shown in figure.
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e Since the walls have infinite potential, the particle does not penetrate out from the box. i.e.,
Potential energy of the particle V=« at the walls of the box.
e But the particle is free to move between the walls A & B at x=0 & x=L.

Boundary conditions:

e The potential energy of particle is:

V(x) =0 for 0 < X < L----m-mmmmmmm—- (1)
V(x) = e for 0 2 x 2 L--------------- (2)
e The TISWE for a free particle is
o*ylox? + 8m*m(E/h?) p = 0 ------ - - (3)
o Let 8mmE/h?=k? - (4)

From (2) & (3) => 32y/ox2 + k2 = 0 ---—--- (5)



e The general solution for (4) is
W(x) = A sinkx + B coskx --- (6)

Where: A, B -> Two constants
k -> wave vector (or) wave no.

Boundary condition (i): y(x) =0atx=0

e From (5) => 0 = A sink (0) + B cosk (0)
0=0+B=>B=0 (*."sin0=0,cos0=1)

<. w(x) = Asinkx (or) g, = Asinkx --- (7)

Boundary condition (ii): y(x)=0atx=L

e From (6) => 0 = A sinkL
e Since, A#0=>SinkL=0
SinkL = Sin n1T ("." Sin n1T = 0)

KL = n1r
=> K = nT1/L
=> K? = n?T?/L2 ------mm-mmm- (8)

e From (7) => y(x) = A sin(nTrx/L) ------------- (9)
Energy of the particle:

e From (3) & (7) => 8m?mE/h? = n?m?/L?
O 1) | E— (10)

Energy levels of the particle:

For energy level 1, n=1 => E1 = h?/8mL?
For energy level 2, n=2 => E2 = 2h?/8mL? = 2°E,
For energy level 3, n=3 => E3 = 3?h%/8mL? = 3%E,

.« The general equation for energy levels is

e From (10), Energy levels of an electron are discrete.
Evaluation of A:

e To find A value by applying the normalization conditions over the integral "0 to L"



[T (e i R —— (12)

e From (8) => y(x) = A sin(nTrx/L)
e Jo b AZ sin2(nmxiL) dx = 1

A2 [ Lsin2(nTx/L) dx = 1

Jo L [(1 - cos(2nx/L))/2] dx = 1

e Since, [o"[(1 - cos(2nTix/L))/2] dx=L/2

A2 (L/2) =1
A?=2/L
TR (] 1) J——— (13)
e The normalized wave function of the particle
Yo = V(2/L) SiN(NTIX/L) =-=rmmemmmeeme (14)
(or)
W(x) = V(2/L) sin(NTIX/L) ~=-mmmmmmmmnmv (15)

e The normalized wave functions w1, w2 & w3 and corresponding probability density functions
|w.|? are plotted below.
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